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A COMPANION OF OSTROWSKI’'S INEQUALITY FOR
MAPPINGS WHOSE FIRST DERIVATIVES ARE BOUNDED
AND APPLICATIONS IN NUMERICAL INTEGRATION

MOHAMMAD W. ALOMARI

ABSTRACT. A companion of Ostrowski’s integral inequality for differentiable
mappings whose first derivatives are bounded is proved. Applications to a
composite quadrature rule and to probability density functions are considered.

1. INTRODUCTION

In 1938, Ostrowski established a very interesting inequality for differentiable
mappings with bounded derivatives, as follows [4]:

Theorem 1. Let f: I C R — R be a differentiable mapping on I°, the interior of
the interval I, such that f' € Lla,b], where a,b € I with a < b. If |f' (z)| < M,
then the following inequality,

1 b
b—a/ f(u)du

holds for all x € [a,b]. The constant § is the best possible in the sense that it cannot
be replaced by a smaller constant.

(L1) |f<:c> - < M(b-a)

The following integral inequality which establishes a connection between the
integral of the product of two functions and the product of the integrals of the two
functions is well known in the literature as Griiss’ inequality [8].

Theorem 2. Let f,g: [a,b] — R be two integrable functions such that ¢ < f (t) <
O andy < g(t) <T forallt€ [a,b], p,P,v and T' are constants. Then we have

b b b
= [ foewa— = [ rwa- = [

Si@—ﬂé)(F—’v)-

(1.2)

Motivated by [3], Dragomir in [5] has proved the following companion of the
Ostrowski inequality:
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Theorem 3. Let f : I C R — R be an absolutely continuous function on [a,b].
Then we have the inequalities

festtestoa 3 rwa

(1.3) S

1 $73a+b 2
s+2( = ) b—a)|[f'le, f €Lcla,b]

IN

1/q
" B q+1 a—+b—w q+1 .
T [(’5-2) (5 6= 1 o

, p>1,0+1=1,and f' € Lyla,b]
m_3a+b
4

I |17
o

for all x € [a,

Recently, Alomari [1] proved a companion inequality for differentiable mappings
whose derivatives are bounded.

Theorem 4. Let f : I C R — R be a differentiable mapping on I°, the interior
of the interval I, and let a,b € I with a < b. If f' € L'[a,b] and v < f'(x) < T,
YV € [a,b], then the following inequality holds,

(1.4) f($)+f(2a+b )—bia/f(t)dt

2
1 x — 3atb
<(b—a) 16+<b—;> ~(L'=1),

for all z € [a, “£2].

In [6], Dragomir established some inequalities for this companion for mappings
of bounded variation. In [7], Liu introduced some companions of an Ostrowski
type inequality for functions whose second derivatives are absolutely continuous.
Recently, Barnett, Dragomir and Gomma [2], have proved some companions for the
Ostrowski inequality and the generalized trapezoid inequality.

In the present paper we shall derive a companion inequality of Ostrowski’s type
using Griiss’ result and then discuss its applications for a composite quadrature
rule and for probability density functions.

2. THE RESULTS

The following companion of Ostrowski’s inequality holds.

Theorem 5. Let f : [a,b] — R be a differentiable mapping on (a,b). If f' € L'[a,b]
and v < f'(t) <T, for allt € [a,b], then the inequality holds

(2.1) f(fo(Za“Lb )—bia/f(t)dt

< b-a -7,
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for all x € [a7 “T*'b]

Proof. Let us define the mapping

t—a, t € [a,z]
pla,t)=¢ t—2t  te(x,a+b— 1]
t—0b, te(a+b—xz,b

for all z € [a, 2£2].
Integrating by parts, we have

b X a — X b
I L e e g AL

It is clear that for all ¢ € [a,b] and z € [a, %], we have

a+b

<pl(z,t) <z -—a.

Applying Theorem 2 to the mappings p(z,-) and f’(-), we obtain

b b
o [renrwa- it [oeoa o [ row

(2.3) Si{x—a—(lE—a;_b)}(r—ﬂ:g(b—a)(l“—q/),

for all x € [ —] By a simple calculation we get

b b ~tla
(2.4) /a p(z,t)dt =0, and /a () dt = %.

Finally, combining (2.2)—(2.4), we obtain (2.1) as required.

Corollary 1. In the inequality (2.1), choose
(1) = = a, we get

(25) f(“)j”b)—bla/:f(t)dt < Sb-a) (7).
(2) = =342, we get

(2. |f(3aT+b)§f(%3b)bfa/abf<t>dt <l-a@-q).
@) - 2

2.7) ’f <“+b> ) dt — ) (T —~).

An inequality of Ostrowski’s type may be stated as follows:
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Corollary 2. Let f as in Theorem 5. Additionally, if f is symmetric about the
x-axis, i.e., f(a+b—1x) = f(x), then we have

(2.8) ' / f(t)dt

for all x € a, %%] For instance, choose x = a, we have

b
(29) *ﬂ@—bia/"ﬂwm

<Sb-a) =),

< Lh-a) ).

3. A COMPOSITE QUADRATURE FORMULA

Let I, :a =129 < &1 < -+ < z,, = b be a division of the interval [a,b] and
hi:xi—i-l*xia (110,1,2, anf]-)'

Consider the general quadrature formula

(3.1) Qn (I ) _%z_:[ (3.’157,"’3714-1) +f(%3961+1)] h.

The following result holds.

Theorem 6. Let f : I C R — R be a differentiable mapping on I°, the interior
of the interval I, where a,b € I with a <b. If f' € L'[a,b] and v < f'(z) < T,
Vx € [a,b]. Then, we have

b
(3.2) / F@dt=Qn (I, f)+ Ry (In, f).

where, Qn (I, f) is defined by formula (3.1), and the remainder satisfies the esti-
mates

(3.3) Ry, (I, f)| < ; : Z hy.

Proof. Applying inequality (2.1) on the intervals [z;, x;11], we may state that

N L e R = I

Summing the above inequality over 7 from 0 to n — 1, we get

;c1+1 n—1 ) A ‘ ‘
= £ [ a3 (5 (5

/f t)dt — ;Z[ <3xl+x”1)+f(“+i’x”1)}m,
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which follows form ( ) that

| In’f |_ n— 1|:f<31‘7,—zxz+1)+f<$1+2$1+1>:| hi
= Ti:l I
8 i=0 )
which completes the proof. ([l

4. APPLICATIONS TO PROBABILITY DENSITY FUNCTIONS

Let X be a random variable taking values in the finite interval [a,b], with the
probability density function f : [a, b] [0,1] with the cumulative distribution

function F(z) = Pr(X < ) f f@)

Theorem 7. With the assumptions of Theorem 4, we have the inequality

EB <L o0 ),

for all x € [a, %$2], where E(X) is the expectation of X.

%[F(x)—l—F(cH—b—x)]—

Proof. In the proof of Theorem 4, let f = F', and taking into account that

b b
E(X):/tdF(t):b—/F(t)dt.
We left the details to the interested reader. O

Corollary 3. In Theorem 7, choose x =

3a+b
o5, we get

() (59)] 5290 Yoo

Corollary 4. In Theorem 7, if F' is symmetric about the x-axis, i.e., F (a +b—x) =
F (z), we have

L < o0,

- 25ED)

for all z € [a, “£2].
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